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ABSTRACT. The validity of the mathematical model describing the 
propagation of vibrations in the reinforced concrete structures (RC 
structures) was verified by comparing the experimental and numerical data. 
The proposed model allowed us to perform numerical experiments aimed at 
comparing vibrorecords obtained for the structure without defects and the 
structure with typical fracture caused by crack formation. Based on the results 
of comparison, an informative diagnostic parameter was proposed. This 
parameter makes it possible to control the nucleation and growth of cracks in 
a RC structure. 
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INTRODUCTION  
 
he results of studies of the behavior of complex building structures under critical conditions are important for 
solving the problems of their safe operation. One of the modern approaches that make it possible to solve 
problems of safe operation of structures is the use of automated deformation monitoring systems. The most 
important components of these systems are mathematical models that adequately describe the operation of the structure 
in subcritical and critical stages of its deformation. 
The development and verification of such models is possible only when carrying out field experiments. For their 
implementation, a model structure was designed and assembled. This model reflects the deformation processes in full-
scale engineering structure. It is a 4-storey monolithic reinforced concrete building on a scale of 1: 2 (Fig.1). Its total 
height is 6m, length is 9m, and width is 6m. 
Automated deformation monitoring systems are based on the non-destructive control methods, in particular, the methods 
of vibration diagnostics [1, 2, 3, 4], among which one can differentiate between the methods analyzing natural vibrations 
[5, 6] and those examining the transient vibration processes [7, 8]. The vibration methods have found wide application 
because of the use of piesoceramic materials, which can operate both as actuators and sensors. They allow fault diagnosis 
in a broad frequency range and can be installed at the surface of the examined structure [9, 10] or embedded into it [11, 
12]. 
The proposed approach is based on the registration of vibration processes in the structure under the action of impulse 
loads. It allows us to perform the local analysis of separate fragments of the structure while tracing the evolution of the 
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front of shock waves as they pass through the structure. When the propagating wave front runs across defects, its 
frequency composition and propagation time change. By comparing the signals from the structure with and without 
defects, we can detect any faults, their location and size. The effectiveness of the solution of these problems depend on 
the selection of the place where the elastic wave is initiated, the spectral composition of the impulse and the place of 
recording the signal passing through the structure. A well-grounded choice of these parameters is possible in the 
framework of an appropriate mathematical model, which adequately describes the dynamic processes occurring in the 
structure. 
 
 
 
Figure 1: Testing stand with installed model RC structure. 
 
In this study, the mathematical model describing the free vibrations of the structure caused by impact loading is verified. 
In the experiments, elastic waves in different elements of the model structure (columns, slabs) were excited by an impact 
of a 460g striker. The resulting vibrograms were recorded by accelerometers mounted at different points of the structure.  
Registration of vibration processes in the model structure involved a synchronous recording of data from two 
accelerometers, one of which was located on the striker, and the other – at a certain point of the structure. The 
registration of the acceleration at the impact point made it possible to obtain the value of the impact force (as the product 
of the acceleration by the striker mass) as a function of time. These data were used to determine the force boundary 
condition at the point of impact necessary for solving the initial-boundary problem of propagation of a shock wave in a 
structure. This allowed us to compare the vibrograms obtained in the experiment and calculated on the basis of the 
proposed model. 
This model was used as a framework for performing a series of numerical experiments, in which vibrograms obtained for 
the structure with crack formation at typical sites were compared with vibrograms for defect-free structure. Based on the 
results of these solutions we identified an informative diagnostic parameter, which reflects the processes of initiation and 
growth of cracks in reinforced concrete. This approach makes it possible to create an effective system for vibration 
control of the process of crack formation in RC structures. 
 
 
CONCEPTUAL DESCRIPTION OF THE MATHEMATICAL MODEL 
 
he object under study is a monolithic reinforced concrete building (Fig. 1), whose columns are mounted on metal 
supports. The dynamic behavior of the building is described in the framework of the linear theory of 
viscoelasticity. The concrete is assumed to be viscoelastic and isotropic, and steel reinforcement is modeled within 
the framework of the linear theory of elasticity. The mathematical model is represented by the following relations. 
Equations of motion: 
 
2
2div , Vt
   
U
x               (1) 
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Physical relations: 
 
   2 E 2 E
1 2 1 2
G I G I       
                         (2) 
 
Geometrical relations: 
 
  T  U U                (3) 
 
Boundary conditions: 
 
     , / ,F t F t mW t S x S    n n   
0, /S S   n x            (4) 
 
Initial conditions for t = 0: 
 
0, / 0U dU dt                (5) 
 
Here: c rV V V   is the total volume of the structure, consisting of the volumes Vc  and Vr,  occupied by concrete and 
steel reinforcement; , ,  , Е are, the tensors of stresses, strain, strain rates and a unit tensor, respectively;    ,I I   
are the first invariants of the strain tensor and of the strain rate tensor;  x is radius vector of a point in the Cartesian 
coordinate system; U is the displacement vector; n is the unit vector oriented along the outward normal to the surface S 
of the structure; S  is the surface, to which an external impulse force is applied along its normal; ρ is the material density, 
F (t) is a scalar that determines the time variation of the force impulse; m is the striker mass, W(t) (scalar) is the striker 
acceleration in the interval of striker contact with the surface of the structure (this value is recorded experimentally by an 
accelerometer mounted on the striker); (,  ) denote vector and scalar products;  is the nabla operator; G is the shear 
modulus,  is the Poisson's ratio; β is the parameter characterizing the dissipative properties of concrete. At cx V  the 
values of ρ, G, , β correspond to the physical properties of concrete, and at rx V  they correspond to the physical 
properties of steel reinforcement. 
 
  
Figure 2: The finite element model of RC structure: (a) – a fragment of the column; (b) – reinforcement of the joint of the column, 
slab and cross beams; (c) – assembled structure; (d) – slab fragment; (e) – beam fragment. 
 
The numerical implementation of the mathematical model is carried out by the finite element method using ANSYS 
software. Fig. 2 shows the finite element mesh of the model structure (the number of nodes is 506569).  It represents the 
main components of the structure (columns, crossbars and slabs) and their reinforcement schemes. 
The characteristic geometric parameters of the model structure and the physical properties of the materials are given 
below. 
(a) 
(b)
(c)
(d)
(e)
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 The main geometric characteristics of the model structure: column space is 2 m; height of the floor is 1.5 m; cross 
section of the column is 200 × 200 mm; cross-section of the cross beam is 200 × 250 mm; thickness of the slab is 
150 mm; diameter of the reinforcement of columns and lower chords of cross beams is 12 mm, diameter of the other 
reinforcement is 8 mm. 
 Physical characteristics of concrete:  0.102 ;  17.2G GPa;   73.46 10 ;  2507 kg/ m3. 
 Physical characteristics of steel:  0.3 ;  76.9G GPa;  0 ;  7800  kg/ m3. 
 Characteristic dimension of the finite element mesh: 0.1 m. 
 Integration time step: 10–5 s. 
 
 
VERIFICATION OF THE MATHEMATICAL MODEL BASED ON EXPERIMENTAL RESULTS 
 
o verify the mathematical model, we performed a series of experiments, in which the dynamic deformation 
response of the structure to a locally applied external impulse force was analyzed. We used three loading schemes, 
of which two involved impact loading of the column and the registration of the deformation response to this 
impact at different points of the columns (Fig.3, a, b) and the third (Fig. 3, c) provided impact load of the lower edge of 
the floor slab and the registration of the response at its upper edge. Locations of the sensors recording the response of the 
structure to the externally applied impact loads are indicated by the red dots in the figures. These sensors recorded the 
vector component of acceleration directed along the normal to the surface, at which the sensors were located. Fig. 3 
presents the fragments of the general model structure shown in Figs. 1 and 2c. These are the fragments in which the 
deformation response to the impact action was analyzed. The sizes of the selected fragments of the structure were chosen 
in such a way that at the points of recording the deformation responses there are no waves reflected from the boundaries 
of the fragment within the time interval under consideration. The external impulse force was generated by a striker with a 
mass of 460 g. The value of acceleration W (t), resulting from the impact of the striker on the surface of the structure, was 
recorded by an accelerometer ZetLab BC111 fixed to the striker. The range of recorded frequencies of this accelerometer 
is 0.5-15000 Hz. The deformation response of the structure to the impulse force was registered by the ZetLab BC110 
accelerometers, fixed at various points of the structure (the range of recorded frequencies is 0.5–10000 Hz). 
Transformation of the collected sensor data to a digital form was performed synchronously using the ADC ZET 017-U8 
with a frequency of 50 kHz. 
 
  
(a) (b) (c) 
 
Figure 3: Schemes of loading and registration of response. 
 
As an example, Fig. 4 shows the experimentally measured shape of the force impulse and the corresponding Fourier 
image (load diagram is given in Fig. 3a). As follows from these data, the impulse duration is 0.28 ms, and the main part of 
impulse energy is localized in the frequency range of 0-5 kHz. It should be noted that the experimentally recorded value of 
the force impulse was used in the mathematical model (1) - (5) to specify the boundary condition (4). Then, the results of 
numerical simulation were compared with experimental data obtained from accelerometers recording the deformation 
responses to impact. When making a comparison, the calculated and experimental data were subjected to frequency 
filtering, ensuring the removal of the signal at frequencies above 6 kHz.  
Fig. 5 shows a series of vibrograms and the corresponding Fourier images for three loading schemes (a, b, c) presented in 
Fig. 3. The experimental data are indicated by blue lines and the simulation data - by red lines. A comparison of the results 
obtained demonstrates good agreement between the model and the experiment in the frequency range from 0 to 6kHz. 
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(a) 
 
(b) 
 
Figure 4: Impulse load: (a) – force evolution. (b) – Fourier transform. 
  
 
Scheme Vibrogram Fourier transform 
a 
  
b 
  
c 
  
 
Figure 5: Vibrograms and corresponding Foutier transforms for three loading schemes. 
 
 
ANALYSIS OF CHANGES IN VIBROGRAMS CAUSED BY CRACK INITIATION 
 
he proposed model (1)-(5), which passed the verification procedure, was used for numerical analysis of changes in 
the vibration parameters of the RC structure in the period of nucleation and propagation of cracks. The most 
probable places for crack formation in the structure are the connections of vertical columns with floor slabs and 
cross beams. In accordance with Fig. 6, we considered a fragment of the structure, for which we simulated the subsequent 
nucleation of cracks at the crossbar-to-column connections. Four crack nucleation stages were identified: the crack T1 
appeared at the first stage, and cracks T2, T3 and T4 were successively formed at the next three stages. The numerical 
experiment consists in solving successively the problems of the dynamic deformation response of the structure to equal, 
locally applied impulse loads at all stages of crack nucleation. The examined structural fragment, the schemes of loading 
and registration of deformation response correspond to the scheme shown in Fig. 3b. To characterize the external force 
action, we used the parameters of the force impulse, determined experimentally at the stage of verification of the 
mathematical model. 
As before, the implementation of the numerical experiment was based on the finite element method using the ANSYS 
software package. To simulate the crack, we excluded from the calculation one layer of finite elements for concrete 
adjacent to the face of the column, retaining yet the finite elements for the reinforcement to provide simulation of its 
integrity. As already mentioned, the evolution of crack formation was determined by a sequence of 4 stages: the first stage 
is associated with the formation of crack T1 followed by successive nucleation of cracks T2, T3, and T4 at the next three 
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stages. The cracks were located in the cross sections of the cross beams. The depth of the crack was 150 mm, the 
thickness of the undestroyed part of the crossbar was 100 mm. The location of the prospective sensor for recording the 
dynamic deformation response is indicated by a red dot on the vertical column above the crack formation zone (point S in 
Fig. 6). It is evident that the cracks always locate in the region between the impact point and the sensor. 
 
  
Figure 6: Location of cracks at the bottom of the column. 
 
The results of the numerical simulation in the form of vibrograms and their Fourier images for point S are shown by red 
lines in the graphs in Fig. 7. A blue line shown in the same graphs for the sake of comparison corresponds to the 
experimental data obtained for the defect-free structure (Fig. 5, vibrogram b). These results demonstrate that a significant 
distortion of the vibration patterns and their Fourier images occurs at each stage after nucleation of a new crack.  
 
Stage Vibrogram Fourier image 
1 
2 
3 
4 
 
Figure 7: Changes in vibrograms at crack formation. 
 
The most intense free vibrations of the structure are realized at frequencies around 3400 Hz. A comparison of the 
amplitude value ka  of the Fourier image at this frequency with the value 0a  obtained at the same frequency in the defect-
free structure carries important information. The ratio of these values * 0/kK a a  can be considered as an informative 
parameter that responds to the process of crack growth. Fig. 7 shows a variation in the criterion *K  taken at the 
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frequency of 3400 Hz (corresponding to the most intense vibrations) with the growth of damage in the structure. The first 
column corresponds to the defect-free structure, and the other columns – to the structures, in which the number of cracks 
increases. In this case, the value of the criterion increases markedly. 
 
  
Figure 8: Criterion * 0/kK a a  at different stages of cracking. 
 
CONCLUSION 
 
n this work, verification of a mathematical model of dynamic processes in a reinforced concrete structure was carried 
out within the framework of viscoelasticity. A comparison of the experimental and calculated data has demonstrated 
that this model can be effectively used to describe with sufficient accuracy the propagation of vibration processes 
initiated by external, locally applied impact loads.  
A series of numerical experiments performed on the basis of the mathematical model allowed us to investigate changes in 
the vibration parameters of the RC structure, in which the process of crack formation has started. As a parameter, 
characterizing the process of crack nucleation, we used the ratio of the amplitude values of the Fourier transform in the 
defect and defect-free structure obtained at the frequency of the most severe vibrations.  
On the whole, the results of this study served to determine the substance of the desired algorithm for implementing the 
vibration diagnosis of reinforced concrete structures with the aim to control the process of crack formation. 
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